We compare two combinatorial definitions of parabolic sets of roots. We show that these definitions are equivalent for simple finite dimensional Lie algebras, affine Lie algebras, and toroidal Lie algebras. In contrast, these definitions are not always equivalent for simple finite dimensional Lie superalgebras.
Introduction
Let g be a Lie algebra or superalgebra over C and let h be an abelian subalgebra of g which acts semisimply on g. The decomposition (0.1)
where ∆ ⊂ h * \ {0} and g α = {x ∈ g | [h, x] = α(h)x for every h ∈ h} is called root decomposition of g with respect to h. The set ∆ is called the root system of g with respect to h. Note that a priori ∆ depends both on g and h but since we will always consider a fixed pair (g, h), we are not going to emphasize this dependence. A g-module M is called a weight module if it is semisimple as an h-module, i.e. One of the major achievements of the study of representations of finite dimensional reductive Lie algebras is the classification of irreducible weight modules with finite dimensional weight spaces. The first step in this classification is the Fernando-Futorny theorem, proved by V. Futorny for classical Lie algebras, [Fu1] , and by S. Fernando for arbitrary simple Lie algebras, [Fe] . It states that every irredicible weight g-module M with finite dimensional weight spaces is either torsion free or there exist a proper parabolic subalgebra p of g and an irreducible weight module N with finite dimensional weight spaces over the Levi component of p such that M is isomorphic to the unique irreducible quotient of the g-module parabolically induced from N .
Here are some details about the proof.
Fix an irreducible weight g-module M with finite dimensional weight spaces. Let P be the set of roots α for which either g α acts locally nilpotently on M or both g α and g −α act injectively on M . The definition of P implies that (0.2) ∆ = P ∪ −P.
A theorem proved independently by Fernando, [Fe] , and Kac, [K2] , implies that P is a closed subset of ∆, i.e. that (0.3) α, β ∈ P with α + β ∈ ∆ implies α + β ∈ P.
Properties (0.2) and (0.3) imply that
is a parabolic subalgebra of g. It equals g if all root spaces g α act locally nilpotently on M or all root spaces g α act injectively on M . In the former case M is a finite dimensional module and in the latter case it is a torsion free module. Torsion free modules were classified by Mathieu in [M] . We now turn our attention to the case when p is a proper subalgebra of g. If we denote by n and l the nilpotent radical and the reductive part of p respectively, then the vector space N = M n of n-invariants of M is nonzero and has a structure of both an l-module and a p-module. Moreover, N is irreducible as a module over each of l and p. Consider the parabolically induced module
where U (g) and U (p) denote the universal enveloping algebras of g and p respectively. The parabolic subalgebra p induces a Z-grading
The grading (0.5) extends to a Z-grading on U (g) and, consequently, on M p (N ). Using the grading on M p (N ) one proves easily that M p (N ) has a unique maximal proper submodule and, hence, a unique irreducible quotient V p (N ). A universal property of M p (N ) implies that M ∼ = V p (N ). Thus the original classification problem is reduced to classifying all possible weight l-modules N . This leads to an inductive description of all irreducible weight modules with finite dimensional weight spaces once the torsion free modules are known. The argument above illustrates how the interplay between two properties of parabolic subalgebras is used for the classification problem under consideration. First we constructed the parabolic subalgebra p using the fact that its roots satisfy properties (0.2) and (0.3). Then we used the fact that p induces a Zgrading on g to construct the module V p (N ).
It is natural to attempt to generalize this scheme beyond the case of finite dimensional reductive Lie algebras. The first step in such a program is to introduce the notion of parabolic subalgebra. For a reductive finite dimensional Lie algebra g the definition is intrinsic -a parabolic subalgebra is any subalgebra which contains a Borel subalgebra. Fixing a Cartan subalgebra h of g, the conjugacy theorem implies that every parabolic subalgebra is conjugate to a parabolic subalgebra p containing h. If h ⊂ p, then p is of the form (0.4) for some subset P ⊂ ∆. The fact that p contains a Borel subalgebra is equivalent to (0.2) and the fact that p is a subalgebra of g is equivalent to (0.3). In this way we obtain an alternative definition of a parabolic subalgebra. Namely, we can define a parabolic subalgebra containing the fixed subalgebra h as a subalgebra of the form (0.4), where P satisfies (0.2) and (0.3). A set of roots P with the properties (0.2) and (0.3) is called parabolic, [Bo] .
V. Futorny pioneered the study of weight modules over affine Lie algebras. In [Fu2] he described explicitly all parabolic sets of roots for all affine Lie algebras. The corresponding parabolically induced modules were then studied in [Fu3] , [Fu4] , [FKM] , and [FK] . Irreducible weight modules with finite dimensional weight spaces on which the center acts non trivially were classified in [FT] . The classification of all irreducible weight modules with finite dimensional weight spaces over affine Lie algebras was recently completed in [DG] . Not unexpectedly, the first step in the latter classification is a parabolic induction theorem analogous to the one for finite dimensional reductive Lie algebras.
Other cases to which the scheme above was applied include finite dimensional simple Lie superalgebras, [DMP] , and affine Lie superalgebras, [EF] and [Fu5] .
The aim of this note is to use an analog of (0.5) for introducing the notion of strongly parabolic set of roots. We then compare parabolic and strongly parabolic sets of roots for simple finite dimensional, affine, and toroidal Lie algebras and superalgebras. Even though these definitions are not equivalent for some Lie superalgebras, they are equivalent for all Lie algebras and for most Lie superalgebras under consideration. For finite dimensional Lie algebras and superalgebras the results were known except for the Lie superalgebra H(n). For affine Lie algebras the equivalence can be derived from the work of Futorny, see [Fu4] . Our approach provides a uniform treatment of both affine Lie algebras and superalgebras. The results for toroidal Lie algebras and superalgebras are new. Here is briefly the content of each of the six sections. 
Definitions
Let V be a finite dimensional real vector space and let ∆ ⊂ V \ {0}. (
(iv) A strongly parabolic set P is called a principal parabolic set if there exists a triangular decomposition
The following observation is clear. If ∆ = −∆ the notion of parabolic set does not seems to be the correct generalization of the notion of parabolic set of roots of finite dimensional reductive Lie algebras. Problems arise already for finite dimensional Lie superalgebras and for some natural classes of infinite dimensional Lie algebras, see sections 2 and 6. The converse of Proposition 1.7 is not true in general -see the discussion about psl(m|m) and H(n) in section 2 below.
For the rest of this paper ∆ will be the root system of a Lie algebra or superalgebra g (with respect to a fixed subalgebra h) considered in the real vector space V = R ⊗ Z Q, where Q is the abelian group generated by ∆. The case when g is a reductive finite dimensional Lie algebra is classical. The proof of the following statement is standard, see Proposition VI.7.20 in [Bo] . Proposition 1.8 Let ∆ be the root system of a reductive finite dimensional Lie algebra g and let P ⊂ ∆. The following are equivalent.
(i) P is parabolic.
(ii) P is strongly parabolic.
(iii) P is principal parabolic.
Next we show that strongly parabolic sets yield subalgebras and subsuperalgebras with well-behaved parabolic induction functor. Assume that ∆ = −∆. Let P be a strongly parabolic subset of ∆ with corresponding triangular de-
Proposition 1.9 Let ∆ = −∆, let P ⊂ ∆ be a strongly parabolic subset of ∆, and let p, l and n be as above. The following hold.
(i) n is an ideal of p.
(ii) Every irreducible weight l-module N is an irreducible weight p-module with the trivial action of n. Conversely, if N is an irreducible weight p-module, then n acts trivially on N and N is an irreducible weight l-module.
N admits a unique maximal proper submodule and, consequently, a unique irreducible quotient V p (N ).
Proof. If P = ∆, there is nothing to prove. Assume now that P ⊂ ∆ is proper.
(i) Let α ∈ P \ −P and β ∈ P with α + β ∈ ∆. We need to show that
The fact that every irreducible l-module has a structure of a p-module follows from (i). Let N be an irreducible weight p-module and let µ be a weight of
are submodules of N , the former is nonzero and the latter is proper. Since N is irreducible, N ′ = N and N ′′ = 0. This shows that p + acts trivially on N and N is an irreducible p 0 -module. An induction argument implies that n acts trivially on N . (iii) We proceed by induction. Fix a weight µ ∈ supp N . Let X ′ be the maximal proper submodule of the g 0 -module
We leave it to the reader to verify that
We conclude this section with the remark that there are interesting Lie algebras and superalgebras with infinite dimensional Cartan subalgebras. Their roots generate infinite dimensional real vector spaces and may require a more general notion of strongly parabolic sets of roots. This is beyond the scope of the present paper. For a definition of Borel subalgebra of a Lie algebra with infinite dimensional Cartan subalgebra see [DP] .
Kac-Moody Lie algebras and superalgebras
The purpose of this section is to study certain parabolic sets of roots for a broad class of Lie algebras and superalgebras. The main result, Proposition 2.10, will provide the relationship between parabolic sets and strongly parabolic sets of roots for most simple finite dimensional Lie superalgebras with ∆ = −∆. Proposition 2.10 will also allow us to treat affine Lie algebras and superalgebras in a uniform manner.
Kac-Moody Lie algebras were introduced in the 70's and have been a focus of research since then. The idea behind the definition is simple -one considers Lie algebras defined by generators and relations which are encoded in a Cartan matrix. Defining the analogous Lie superalgebras presents some challenges, most importantly, the existence of odd simple roots along which there are no reflections in the classical sense. In [K1] Kac introduced contragredient Lie superalgebras defined by generators and relations and classified the simple finite dimensional contragredient Lie superalgebras. Recently Serganova gave a definition of Kac-Moody Lie superalgebras and jointly with Hoyt classified all finite-growth contragredient Lie superalgebras. Since the structure theory of Kac-Moody Lie algebras and superalgebras is beyond the scope of this paper, we will only present the properties that we need as well as the list of simple finite dimensional and affine Lie superalgebras which are quasisimple regular Kac-Moody Lie superalgebras. For details on Kac-Moody Lie algebras we refer the reader to [K3] , and on Kac-Moody Lie superalgebras -to [S2] .
For the rest of this section we assume that g is a Kac-Moody Lie algebras or a quasisimple regular Kac-Moody Lie superalgebra with a fixed Cartan subalgebra h. The subalgebra h is finite dimensional and g decomposes as in (0.1). Since ∆ = −∆, Proposition 1.7 implies that every strongly parabolic subset of ∆ is parabolic. Following [S2] we call a subset Σ ⊂ ∆ a base of ∆ if Σ is linearly independent and for every α ∈ Σ there exist elements
The elements of Σ are called simple roots. Every element β ∈ ∆ is an integer combination of elements of Σ with nonnegative or nonpositive coefficients only. We denote by ∆ + (Σ) the set of roots which are nonnegative integer combinations of elements of Σ. If β is a negative root, i.e. −β ∈ ∆ + (Σ), then either −β ∈ Σ or there exists α ∈ Σ such that β + α ∈ ∆ is still a negative root. If α ∈ Σ, then we have one of the following alternatives.
(i) α is an even root. In this case kα ∈ ∆ if and only if k = ±1 and X α , Y α generate a Lie algebra isomorphic to sl 2 ;
(ii) α is an odd root and kα ∈ ∆ if and only if k = ±1, ±2. In this case X α , Y α generate a Lie superalgebra isomorphic to osp(1|2);
(iii) α is an odd root and kα ∈ ∆ if and only if k = ±1. In this case X α , Y α generate a Lie superalgebra isomorphic to sl(1|1).
For every simple root α we denote by r α the corresponding reflection. In cases (i) and (ii) r α is the usual reflection along the even root α or 2α respectively. In case (iii) r α is an odd reflection. Odd reflections were introduced by Penkov and Serganova, [PS] , to compensate for the fact that the Weyl group of a Lie superalgebra is usually too small. For a detailed treatment of odd reflections, see [S2] . For every α ∈ Σ the reflection r α : ∆ → ∆ is a bijection and r α (α) = −α.
e. the only positive roots which r α makes negative are α and, in case (ii), 2α.
The following proposition will allow us to establish the relationship between parabolic and strongly parabolic sets of roots for most simple finite dimensional Lie superalgebras and will be crucial in our treatment of affine Lie algebras and superalgebras.
Proposition 2.10 Let P be a parabolic subset of ∆. Assume that there is a base Σ of ∆ for which ∆ + (Σ) \ P is a finite set. Then
(ii) P is a principal parabolic subset of ∆.
Proof. The proof is a variation of the proof of Proposition VI.7.20 in [Bo] .
(i) Let Π be a base of ∆ such that the cardinality of the set ∆
Since Π is a basis of V , (2.11) defines an element λ ∈ V * . Let ∆ = ∆ − ⊔∆ 0 ⊔∆ + be the corresponding triangular decomposition. The fact that P is closed implies that ∆ 0 ⊔∆ + ⊂ P . Assume ∆ − ∩P = ∅ and pick β ∈ ∆ − ∩P of minimal height, i.e. such that α∈Π k α is minimal where β = − α∈Π k α α. By the definition of λ, −β ∈ Π. Let α 0 ∈ Π be such that β + α 0 ∈ ∆. Then β + α 0 ∈ ∆ − ∩ P and β + α 0 has smaller height than β which is a contradiction. Thus ∆ − ∩ P = ∅, i.e. P = ∆ 0 ⊔ ∆ + . The proof is complete.
Simple finite dimensional Lie superalgebras
We use the notation from [K1] and [S2] . The simple finite dimensional Lie superalgebras which are not Lie algebras are: sl(m|n) for m = n, psl(m|m), osp(m|2n), D(2, 1; α), F (4), G(3), P (n), psq(n), and the Cartan type superalgebras W (n), S(n),S(n), and H(n). For the restrictions on the parameters m, n, and α as well as isomorphisms among the supealgebras listed above we refer the reader to [K1] . The root systems of the superalgebras P (n), W (m), S(m), andS(m), n ≥ 2, m ≥ 3, do not satisfy the condition ∆ = −∆ and we will not comment on them. Of the rest, sl(m|n) for m = n, osp(m|2n), D(2, 1; α), F (4), and G(3) are quasisimple regular Kac-Moody Lie superalgebras and Propostion 2.10 applies. The root system of psq(n) is the same as the root system of the Lie algebra sl n and hence the notions of parabolic set, strongly parabolic set, and principal parabolic set for psq(n) and sl n coincide.
In particular every parabolic set of roots of psq(n) is a principal parabolic set. The remaining cases of psl(m|m) and H(n) are discussed below.
is the same as the root system B 2 of the Lie algebra so 5 . As a consequence, every parabolic subset of ∆ is a principal parabolic set. Note, however, that psl(2|2) requires special attention as the odd root spaces are two dimensional. Let now m > 3. It is easy to see that the set P = {ε i − ε j , τ i − τ j | 1 ≤ i < j ≤ m} ∪ {ε i − τ j | 1 ≤ i = j ≤ m} is a parabolic subset of ∆. It is not, however, a strongly parabolic subset since (3.12) (ε 1 − ε 2 ) + 2(ε 2 − ε 3 ) + . . .
This phenomenon is due to the fact that psl(m|m) is not a Kac-Moody Lie superalgebra. To understand the parabolic subsets of ∆ one needs to consider the quasisimple regular Kac-Moody Lie superalgebra gl(m|m) corresponding to psl(m|m). The root system of gl(m|m) is
without any relations among the generators. Proposition 2.10 applies to ∆ ′ , i.e. every parabolic subset of ∆ ′ is a principal parabolic set. It is clear now that the parabolic subsets of ∆ are exactly the images of the principal parabolic subsets of ∆ ′ under the obvious surjection V ′ → V . Note that (3.12) implies that even for the supealgebra sl(m|m) not every parabolic subset of roots is strongly parabolic.
The case of g = H(n), n ≥ 5. The root system is ∆ = { l i=1 k i ε i | k i ∈ {0, ±1}}, where l = ⌊n/2⌋ is the integer part of n/2 and V = Span{ε 1 , . . . , ε l }. The root system of H(2l) is the same as the root system of H(2l + 1) and the root system of H (5) is the same as the root system of the Lie algebra so 5 .
We do not know whether every parabolic subset of ∆ is strongly parabolic for 6 ≤ n ≤ 9. For n ≥ 10, however, there are parabolic subsets of ∆ which are not strongly parabolic.
Here is an example for n = 10, i.e. l = 5.
A direct verification shows that P is a parabolic subset of ∆. Assume that P is a strongly parabolic subset of ∆ with corresponding linear function λ ∈ V * . Then λ vanishes on each of the roots
* be the linear function corresponding to the strongly parabolic subset P 0 of ∆ 0 . Then λ 0 vanishes on each of the roots {−ε 1 + ε 2 + ε 3 − ε 4 , −ε 1 + ε 2 + ε 3 − ε 5 , −ε 1 + ε 2 + ε 4 − ε 5 , −ε 1 + ε 3 + ε 4 − ε 5 , −ε 2 + ε 3 + ε 4 − ε 5 }, which, as the reader will verify, implies that λ 0 = 0. This contradicts the fact that P 0 is a proper subset of ∆ 0 . Hence P is not a strongly parabolic subset of ∆.
The example above can be extended to an example of a parabolic subset of ∆ which is not strongly parabolic for any n > 10 in the following way. Consider the natural projection π : ∆(n) → ∆(10) ∪ {0}, where ∆(n) denotes the roots of H(n). The set π −1 (P ∪ {0}), where P ⊂ ∆(10) is as above, is a parabolic subset of ∆(n) which is not strongly parabolic.
Affine Lie algebras and superalgebras
Let s be a finite dimensional Lie algebra or superalgebra not isomorphic to psl(m|m) with an invariant bilinear form κ. The affine Lie algebra or superalgebra s
(1) is defined as
where δ k,−l is Kronecker's delta function. If s is a simple finite dimensional Lie algebra, then s (1) is a Kac-Moody Lie algebra. If s is one of the superalgebras sl(m|n) for m = n, osp(m|2n), D(2, 1; α), F (4), or G(3), then s
(1) is a quasisimple regular Kac-Moody superalgebra. Finally, we define psl(m|m)
(1) for m ≥ 3 as psl(m|m)
where p(x) denotes the parity of x. The Lie superalgebra psl(m|m) (1) is a quasisimple regular Kac-Moody Lie superalgebra. (Note that psl(m|m)
(1) is a subalgebra of gl (m|m) (1) with the same root system. In order to have a uniform treatment of affine Lie algebras and Lie superalgebras we will consider psl(m|m)
(1) instead of the more natural superalgebra gl(m|m) (1) .) For the rest of this section s
(1) will denote one the Lie algebras or superalgebras above. Denote by R the roots of s and by W the real vector space spanned by R. The root system ∆ of s (1) is given by
where δ is one of the two indivisible imaginary roots of s (1) . The real vector space spanned by ∆ is V = W ⊕ Rδ.
If θ is an automorphism of s of order p which preserves κ and ε is a p th primitive root if 1, we extend θ to an automorphism of s (1) by setting
We denote the fixed points of θ by s (p) . The so obtained Lie algebra (or superalgebra) is a twisted affine Lie algebra (or superalgebra). (This notation is somewhat ambiguous since the isomorphism class of a twisted affine Lie superalgebra does not determine the order of θ. Since we limit our considerations to the list of twisted affine Lie algebras and superalgebras, we will not run into problems.) The twisted affine Lie algebras are A
6 , and D (3) 4 and they are Kac-Moody Lie algebras. Among the twisted affine Lie superalgebras, the quasisimple regular Kac-Moody Lie superalgebras are: sl(m|n) (2) for even mn, psl(m|m) (2) for even m, sl(m|n) (4) for odd mn, psl(m|m) (4) for odd m, osp(2m|2n) (2) , and q(n) (2) . It is clear from the definition of R that ∆ ⊂ (R + Zδ) ∪ (Z \ {0})δ but, unlike the untwisted case, the inclusion is proper.
For the twisted affine Lie algebras and superalgebras we consider again the roots ∆ ⊂ V , write V = W ⊕ Rδ and define R as the image of ∆ \ Zδ under the natural projection V → W . The set R ⊂ W is again a root system, which may no longer be reduced. For example, for A (2) 2l , R is the nonreduced root system BC l . It is not difficult, however, to check that every parabolic subset of R is a principal parabolic set.
For the rest of the section g will denote one of the algebras or superalgebras s (p) above.
Theorem 4.13 If P ⊂ ∆ is a parabolic set of roots, then P is strongly parabolic. Furthermore, if P is a proper subset of ∆, one of the three mutually exclusive alternatives holds.
(i) P is principal and δ ∈ ∆ 0 ;
(ii) P is principal and (Z \ {0})δ ⊂ P ;
(iii) P is not principal.
Proof. If P = ∆ then P is strongly parabolic by definition. Assume that P is a proper subset of ∆. We first prove that P is strongly parabolic by considering two cases. Case 1. There exists α ∈ R such that (α + Zδ) ∩ ∆ ⊂ P . Set
Then S is a parabolic subset of R. This is obvious in the untwisted case and requires an elementary check in the twisted case. Furthermore, S is a proper subset of R. Using the results from the previous section we conclude that S is a principal parabolic subset of R. Let λ ∈ W * be a corresponding linear function. Extend λ to a linear function Λ ∈ V * by setting Λ(δ) = 0 and consider the triangular decomposition of ∆ corresponding to Λ. From the definition of S it follows that ∆ − ∩ P = ∅, which also implies that ∆ + ⊂ P . Finally, P ∩ ∆ 0 is a parabolic subset of ∆ 0 and a simple inductive argument completes the proof that P is strongly parabolic. Case 2. For every α ∈ R, (α + Zδ) ∩ P = ∅. Since either δ or −δ belongs to P , we may assume that δ ∈ P . This implies that for every α ∈ R, α + nδ ∈ P for large enough n and, consequently, ∆ + (Σ) \ P is a finite set, where Σ is the standard base of ∆. Applying Proposition 2.10 we obtain that P is a principal parabolic set and δ ∈ ∆ 0 . To complete the proof we notice that in Case 1 we have two alternatives for the parabolic subset P ∩ ∆ 0 of ∆ 0 . Either P ∩ ∆ 0 = ∆ 0 and then P is principal and (Z \ {0})δ ⊂ P ; or P ∩ ∆ 0 is a proper subset of ∆ 0 and it that case P is not a principal parabolic subset of ∆. However, it is not difficult to see that in the latter case P ∩ ∆ 0 is a principal parabolic subset of ∆ 0 , i.e. we can think of the parabolic subset from (iii) as "two-step" parabolic subsets.
Definition 4.14 The parabolic sets from cases (i), (ii), and (iii) 
Toroidal Lie algebras and superalgebras
Let s be a simple finite dimensional Lie algebra or a finite dimensional quasisimple regular Kac-Moody Lie superalgebra, e.g. sl(m|n) for m = n, gl(m|m), osp(m|2n), D(2, 1; α), F (4), or G(3). For n ≥ 2 we define the toroidal Lie algebra or superalgebra T n (s) as
It is easy to check that T n (s) admits a root decomposition (0.1) with respect to the subalgebra h ⊕ CD 1 ⊕ . . . ⊕ CD n ⊕ CK 1 ⊕ . . . ⊕ CK n , where h is a Cartan subalgebra of s. If we denote the roots of s by R, then the roots of T n (s) are given by
where Γ = Zδ 1 + . . . + Zδ n ∼ = Z n is the free abelian group with generators δ 1 , . . . , δ n , the elements of h * dual to D 1 , . . . , D n . Furthermore, V = W ⊕ U , where W is the real vector space generated by R and U = RD 1 ⊕ . . . ⊕ RD n .
Theorem 5.17 Every parabolic subset of ∆ is strongly parabolic.
Proof. If P = ∆, there is nothing to prove. Assume that P ⊂ ∆ is proper. Following the idea of the proof of Theorem 4.13 we consider two cases. Case 1. There exists α ∈ R such that α + Γ ⊂ P . Set
Again S is a proper parabolic subset of R and there exists a triangular decomposition R = R − ⊔ R 0 ⊔ R + with a corresponding linear function λ ∈ W * for which S = R 0 ⊔ R + . Extend λ to a linear function Λ ∈ V * by setting Λ(δ i ) = 0. Let ∆ = ∆ − ⊔ ∆ 0 ⊔ ∆ + be the triangular decomposition corresponding to Λ. It is clear now that P = (P ∩ ∆ 0 ) ⊔ ∆ + and (P ∩ ∆ 0 ) ⊂ ∆ 0 is a parabolic subset, which completes the proof that P is a strongly parabolic subset of ∆. Case 2. For every α ∈ R, (α + Γ) ∩ P = ∅. Set T = P ∩ Γ. It is clear that T is a proper parabolic subset of Γ. A standard separation theorem from analysis implies that there exists a unique linear function λ ∈ U * such that T ⊂ Γ 0 ⊔ Γ + , where Γ = Γ − ⊔ Γ 0 ⊔ Γ + is the triangular decomposition corresponding to λ. The image of λ, Im λ ⊂ R is either dense or equals Zη for some η = 0.
If Im λ is dense in R, we extend λ to a function Λ ∈ V * by setting
It is an easy computation to verify that Λ is well-defined and P ⊂ ∆ 0 ⊔ ∆ + for the corresponding triangular decomposition ∆ = ∆ − ⊔ ∆ 0 ⊔ ∆ + . Finally, assume that Im λ = Zη. We extend λ : U → R to a linear transformation θ : V = W ⊕ U → W ⊕ Rη by setting θ |W to be the identity of W . The image of ∆ under θ equals (R + Zη) ∪ Zη, i.e. it is the root system of s
(1) with the vector {0} added to it. Furthermore, since θ(P ) \ {0} is a parabolic subset of ∆ ′ = (R + Zη) ∪ (Z \ {0})η we can apply Theorem 4.13 and obtain a linear function µ ∈ (W ⊕ Rη) * with corresponding triangular decomposition
Assume that µ(η) = 1 and extend λ ∈ U * to a linear function Λ ∈ V * by setting Λ(α) = µ(α) for α ∈ R. It is easy to check that the triangular decomposition
There are some variations in the literature about the definition of toroidal Lie algebras. However, all Z n -graded central extensions of
n ] have the same roots system as T n (s) and hence Theorem 5.17 applies to them too.
Conclusion
We established an equivalence of two commonly used combinatorial definitions for the set of roots of parabolic subalgebras for several classes of Lie algebras and superalgebras. We excluded from our considerations some important Lie superalgebras. The first class of superalgebras we did not consider are the simple finite dimensional superalgebras whose root systems are not symmetric, i.e. ∆ = −∆. In these cases the notion of parabolic set does not yield some very natural candidates and it needs to be generalized. A possible generalization of this notion is the following.
Definition 6.19 A subset P of ∆ is parabolic, if P = P ′ ∩∆ for some parabolic subset P ′ of the (symmetric) set ∆ ∪ −∆.
It is an interesting problem to compare the parabolic sets according to Definition 6.19 with the strongly parabolic and principal parabolic sets for the Cartan type Lie superalgebras W (n), S(n), S(n), and for P (n). We also note that there are other definitions of parabolic subalgebras in the literature, cf. [IO] where a Z-grading is used instead of subsets of roots.
We did not consider affine Lie superalgebras which are not quasisimple regular Kac-Moody Lie superalgebras according to [S2] . This left out superalgebras like psq(n)
(1) whose roots are the same as the roots of sl(n) (1) and hence we can use the results for sl(n)
(1) . More importantly, we did not consider all twisted affine Lie superalgebras. Indeed, there are more twisted affine Lie superalgebras, [S1] , [GP] , which however do not have a center. Nevertheless, their representation theory is interesting and may require results about the relationship between parabolic sets and strongly parabolic sets.
Further classes of Lie algebras and superalgebras for which parabolic subsets are of interest include infinite dimensional Cartan type Lie algebras and superalgebras, twisted toroidal Lie algebras and superalgebras, Extended Affine Lie Algebras, etc.
Note added in proof. After the paper was accepted for publication we learned about the treatment of parabolic sets in [LN] . In Chapter 10 of [LN] O. Loos and E. Neher study subsets P of symmetric sets R in real vector spaces. Their definition of parabolic sets is stronger than ours but the two coincide when R satisfies the so called partial sum property. Furthermore, the authors introduce (without a name) a class of parabolic subsets P of R defined via linear maps into partially ordered vector spaces. It is not difficult to verify that the class introduced by Loos and Neher coincides with the class of strongly parabolic sets. Furthermore, Proposition 10.17 in [LN] establishes that the class of parabolic subsets introduced via linear maps into partially ordered vector spaces exhausts all parabolic sets in the sense of [LN] . This observation together with the fact that the root systems considered in Theorem 4.13 and Theorem 5.17 satisfy the partial sum property provide an alternative and unified proof of the fact that in these cases every parabolic set is strongly parabolic. We thank E. Neher for turning our attention to the book [LN] and for suggesting that the class of parabolic sets introduced there via linear maps into partially ordered vector spaces and the class of strongly parabolic sets coincide.
